Abstract. The quantum symmetry group of the inductive limit of C * -algebras equipped with orthogonal filtrations is shown to be the projective limit of the quantum symmetry groups of the C * -algebras appearing in the sequence. Some explicit examples of such projective limits are studied, including the case of quantum symmetry groups of the duals of finite symmetric groups, which do not fit directly into the framework of the main theorem and require further specific study. The investigations reveal a deep connection between quantum symmetry groups of discrete group duals and the doubling construction for Hopf algebras.
Within the last fifteen years the fundamental notion of a symmetry group of a given structure (a set, a graph, a finite or compact metric space, a compact Riemannian manifold) has been successfully generalised to the context of compact quantum groups of S.L.Woronowicz. The history of these developments started in the paper [Wa 1 ], where S. Wang defined and began to study quantum symmetry groups of finite-dimensional C * -algebras. Soon after that T. Banica, J. Bichon and others expanded this study to quantum symmetry groups of various finite structures, such as (coloured) graphs or metric spaces (see references below). In 2009 D. Goswami proposed a definition of a quantum isometry group of an admissible spectral triple, the latter playing the role of a noncommutative compact Riemannian manifold. Particular examples of Goswami's quantum isometry groups are those associated to duals of finitely generated groups, first studied in [BhS] and later investigated in [BS 1 ], [L-DS] and [BS 2 ]. These examples, together with Goswami's definition, motivated the introduction of the concept of a quantum symmetry group of a C * -algebra equipped with an orthogonal filtration ([BS 3 ]), which plays a fundamental role in this article. Note at the same time that this concept has been very recently generalized in the preprint [DCh] to include quantum symmetry groups of a C * -module equipped with an orthogonal filtration. The quantum symmetry groups arising in the contexts described above have been studied from a variety of algebraic and analytic points of view. In the current article we investigate two specific topics related to such quantum groups. The first is related to the concept of a doubling of a given compact quantum group with respect to an order two automorphism, formally introduced in [L-DS] . Such doublings seem to appear often as quantum symmetry groups of duals of finitely generated groups (see [BhS] , [L-DS] , [TQi] ); here we explain some reasons behind that and provide further examples. The second, more important, topic is that of projective limits of quantum symmetry groups. It was investigated in the context of quantum isometry groups, especially those related to Bratteli diagrams, in [BGS] ; here we study it systematically in the framework of quantum symmetry groups of C * -algebras equipped with orthogonal filtrations. The classical idea is rather simple: if we want to investigate a symmetry group G of a structure arising as a projective limit of simpler (say finite) structures, it is natural to expect that G will itself be a projective limit of the corresponding symmetry groups. The same phenomenon persists in the quantum world; we show here, in Theorem 3.4, that under suitable conditions on a sequence of C * -algebras with orthogonal filtrations, the quantum symmetry group of the limit filtration arises as the projective limit of quantum symmetry groups of the C * -algebras appearing in the sequence. We provide an example of such a projective limit related to the quantum symmetry group of the group of p-adic integers (which in fact turns out to be a classical symmetry group). As the assumptions in Theorem 3.4 are rather restrictive, it is difficult to expect that they will be always satisfied; indeed, we explain why they fail for the sequence of filtrations related to the duals of symmetric groups, ( S n ) ∞ n=1 , studied in [L-DS] . This however does not mean that the related sequence of quantum symmetric groups cannot lead to a projective limit. We prove that the respective sequences of quantum symmetry groups associated to even -( S 2n ) ∞ n=1 -and odd -( S 2n+1 ) ∞ n=1 -permutation groups yield (different!) compact quantum groups as projective limits and identify the limits as quantum symmetry groups of certain filtrations induced by specific partitions of S ∞ . Interestingly, both the limit compact quantum groups arising in the context of the group of p-adic integers and in the context of the infinite symmetric group turn out to be doublings of the respective duals of discrete groups.
The detailed plan of the paper is as follows: in Section 1 we introduce the notation and recall basic facts related to compact quantum groups, their projective limits, and the construction of quantum symmetry groups. Section 2 describes the doubling procedure for Hopf algebras, focusing on the algebras related to compact quantum groups, and explains its common appearance in the study of quantum symmetry groups of duals of finitely generated groups (Proposition 2.3). Section 3 contains the main general result of the paper related to the projective limits of quantum symmetry groups, Theorem 3.4. In Section 4 Theorem 3.4 is 'shown in action' via the example of quantum symmetry groups of the group of p-adic integers. In Section 5 we investigate limits of quantum symmetry groups related to (the duals of) permutation groups; we show that although the relevant orthogonal filtrations do not fit into the framework of Theorem 3.4, they still lead, when restricted to sequences built respectively of even and odd integers, to compact quantum groups arising as projective limits (Subsection 5.2). We then show that the two limit compact quantum groups are non-isomorphic and identify them as quantum symmetry groups associated to specific partitions of S ∞ (Theorems 5.3, 5.4 and 5.5).
Preliminaries
All algebras and C * -algebras in this paper will be assumed unital, and all * -homomorphisms between algebras will be assumed to be unit preserving. The symbol ⊗ will denote the minimal/spatial tensor product of C * -algebras and the tensor product of linear maps (or its continuous extension to completed tensor products), whereas ⊙ will be reserved for algebraic tensor products.
1.1. Compact quantum groups and quantum symmetry groups. The following definition is due to S. L.Woronowicz ([Wor] ). Definition 1.1. A unital C * -algebra B equipped with a unital * -homomorphism ∆ : B → B ⊗ B is said to be the algebra of functions on a compact quantum group if ∆ is coassociative:
and the quantum cancellation rules hold:
We then often write B = C(G) and call the (formally undefined) underlying object G a compact quantum group.
Each compact quantum group G admits a Haar state, i.e. a state h ∈ C(G) * which is biinvariant:
This leads to a version of the Peter-Weyl theory for compact quantum groups: in particular for each compact quantum group G the algebra C(G) admits a dense unital * -subalgebra Pol(G), which is a Hopf * -algebra with the coproduct inherited from C(G), so that in particular ∆(Pol(G)) ⊂ Pol(G) ⊙ Pol(G). The algebra Pol(G) in a sense determines G uniquely, although there is a certain ambiguity as to the choice of C(G) -it can be for example given by the enveloping C * -algebra of Pol(G) or as the completion of Pol(G) with respect to the GNS representation relative to the Haar state. Definition 1.2. Let G 1 , G 2 be compact quantum groups. By a morphism from G 1 to G 2 we understand a * -homomorphism γ : C(G 2 ) → C(G 1 ) intertwining the respective coproducts:
(note the inversion of arrows).
Each morphism as above automatically maps Pol(G 2 ) into Pol(G 1 ), and the corresponding restriction is a Hopf * -algebra morphism. In particular we say that two compact quantum groups G 1 , G 2 are isomorphic if Hopf * -algebras Pol(G 1 ) and Pol(G 2 ) are isomorphic. Further we say that G 1 is a (closed) quantum subgroup of G 2 if there exists a morphism from G 1 to G 2 such that the corresponding C * -algebra morphism γ is surjective (for a full discussion of the concept of a closed quantum subgroup, including the context of locally compact quantum groups, we refer to [DKSS] ). Definition 1.3. Let G be a compact quantum group and let A be a C * -algebra. An action of G on A is a * -homomorphism α : A → A ⊗ C(G) which satisfies the action equation:
and the Podleś condition (sometimes called also the nondegeneracy condition):
If A = C(X) for a compact space X, we sometimes say that α as above defines an action of G on X. Each action of G on a unital C * -algebra A has a purely algebraic incarnation -there exists A, a dense unital * -subalgebra of A, such that α| A : A → A ⊙ Pol(G). The action is said to be faithful if the algebra R α (G) spanned by the elements of the form (f ⊗ id)α(a) (f -linear functional on A, a ∈ A) is equal to Pol(G).
The collection of actions of compact quantum groups on a given C * -algebra A forms a category; the objects are pairs (G, α), where G is a compact quantum group and α is an action of G on A, and the morphism from (G 1 , α 1 ) to (G 2 , α 2 ) is a morphism from G 1 to G 2 , represented by a map γ : C(G 2 ) → C(G 1 ) which intertwines the respective actions: α 1 = (id A ⊗ γ) • α 2 . When the category of actions of compact quantum groups on A admits a universal (final) object (G u , α u ), we call G u the quantum symmetry group of A. These concepts originate in the article [Wa 1 ], where it was shown that the category described above admits a universal object if A is finite-dimensional and commutative, and in general, even for finite-dimensional A, one needs to add extra restrictions to the category of actions, such as the preservation of a fixed faithful state on A, for the universal object to exist.
This approach led to the development of the theory of quantum symmetry groups of finite graphs ( [BaB] ), finite metric spaces ( [Ban] ), and later to the introduction of the concept of quantum isometry groups of noncommutative manifolds ( [Gos] ). For more information we refer to the article [BS 3 ], where the following definition is proposed. Definition 1.4. Let A be a C * -algebra equipped with a faithful state ω and with a family (V i ) i∈I of finite-dimensional subspaces of A (with the index set I containing a distinguished element 0) satisfying the following conditions:
(
for all i, j ∈ I, i = j, a ∈ V i and b ∈ V j we have ω(a * b) = 0, (3) the set Lin i∈I V i is a dense * -subalgebra of A.
If the above conditions are satisfied we say that the pair (ω, (V i ) i∈I ) defines an orthogonal filtration of A; sometimes abusing the notation we will omit ω and simply say that (A, (V i ) i∈I ) is a C * -algebra with an orthogonal filtration.
Finally, we say that a quantum group G acts on A in a filtration preserving way if there exists an action α of G on A such that the following condition holds:
We write then (α, G) ∈ C A,V (and call C A,V the corresponding category).
We have the following result. 
Note that the above theorem implies that each compact quantum group acting faithfully on A in a filtration preserving way is a quantum subgroup of G u . Recall also that, as mentioned in the introduction, it has recently been extended to the case of quantum symmetry groups of C * -modules equipped with orthogonal filtrations in [DCh] .
The most important example for us is the one studied in Section 4 of [BS 3 ], which we now describe. Let Γ be a discrete group. It embeds naturally into the reduced group C * -algebra of Γ, and the corresponding elements of this C * -algebra will still be denoted by the same symbols; in particular we identify the group ring C[Γ] as a subalgebra of C *
The canonical trace on C * r (Γ) is given by the continuous extension of the formula:
We consider below partitions of Γ into finite sets, always assuming that {e} (where e denotes the neutral element of Γ) is one of the sets in the partition. The following lemma is straightforward.
The quantum symmetry group of (C * r (Γ), τ, (V F i ) i∈I ), defined according to Theorem 1.5, will be called the quantum symmetry group of Γ preserving the partition F .
The language used above is supposed to reflect the fact that we think of C * r (Γ) as the (reduced) algebra of continuous functions on the compact quantum group Γ, the dual of Γ.
If Γ is a finitely generated group, with a fixed finite symmetric generating set S (not containing the neutral element), then the word-length related to S naturally induces a partition F S of Γ. In this case the quantum symmetry group of Γ preserving the partition F S can be identified with the quantum isometry group of the spectral triple (
, where D l is the Dirac operator related to the length function l : Γ → N 0 (for the respective definitions and details we refer to the articles [BhG] , [BhS] , [L-DS] and [BS 3 ]). We will thus call the quantum symmetry group of Γ preserving the partition F S the quantum isometry group of Γ and denote it QISO( Γ, S), or simply QISO( Γ), when the choice of the generating set is clear from the context.
1.2.
Inductive limits of C * -algebras, projective limits of compact quantum groups. For a short, but exhaustive description of the inductive limit construction for C * -algebras we refer to Section II.8.2 of [Bla] or to Chapter 6 of [RLL] . We will use it in the following context: let (A n ) n∈N be a sequence of C * -algebras and assume that for all n, m ∈ N, n < m, there exists a * -homomorphism π n,m : A n → A m and that the compatibility conditions hold:
(note that we do not assume that the connecting maps are injective). Then there exists a unique (up to isomorphism) C * -algebra A ∞ and * -homomorphisms π n,∞ :
and A ∞ is generated by the union n∈N π n,∞ (A n ). The algebra A ∞ satisfies the natural universal property: whenever A is a C * -algebra equipped with the * -homomorphisms γ n : A n → A 'compatible' with the family {π n,m : n, m ∈ N, n < m}, there exists a unique * -homomorphism π :
The following result was shown in [Wa 2 ] (see also [BGS] ).
is a sequence of compact quantum groups, that for each n, m ∈ N, n < m there exists a compact quantum group morphism π n,m from G m to G n and the compatibility conditions π m,k •π k,n = π m,n , n < k < m, hold. Then the inductive limit of the sequence
of C * -algebras admits a canonical structure of the algebra of continuous functions on a compact quantum group. Denote the resulting compact quantum group by G ∞ and let for each n ∈ N the associated morphism from G ∞ to G n be denoted by π n,∞ . Then G ∞ has the following universal property: for any compact quantum group H such that there exists a family of (compatible in a natural sense) morphisms γ n from H to G n there exists a unique morphism γ from H to G ∞ such that γ•π n,∞ = γ n . We will sometimes write
This construction should be thought of as a quantum version of the inverse limit construction for compact groups (see Section 4).
Doubling of Hopf * -algebras and its connections to quantum symmetry groups
In this section we present the doubling construction for Hopf * -algebras and explain its connection to quantum symmetry groups of duals of discrete groups.
2.1. Doubling of Hopf * -algebras. The simple procedure of doubling a Hopf algebra or, more generally, a regular multiplier Hopf algebra with invariant functionals, was described in Section 3] . It needs to be emphasized that it is a different (in fact, far simpler) procedure than that of constructing the quantum double of a Hopf algebra from [Dri] . The doubling construction takes as input data a Hopf algebra (or a regular multiplier Hopf algebra with invariant functionals) (A , ∆ A ) equipped with a (multiplier) Hopf algebra automorphism θ : A → A such that θ 2 = id.
The procedure itself is quite simple: the doubling ( A , ∆ A ) of (A , ∆ A ) is the dual of the regular multiplier Hopf algebra with invariant functionals obtained as the crossed product of ( A , ∆ A ) by the dual θ of the automorphism θ (see Subsection 3.1] ). In this paper we will describe many examples of quantum symmetry (isometry and other) groups which happen to be doublings of usually quite simple Hopf algebras (or multiplier Hopf algebras). We would like to list here several simple facts about such doublings. For simplicity we will restrict attention to unital Hopf * -algebras (in particular we will be interested in so-called CQG algebras, i.e. those Hopf * -algebras which arise as as Pol(G) for a compact quantum group G, see [DiK] ). However, the whole theory can be developed (with minor technical complications) for regular multiplier Hopf algebras with invariant functionals, as defined in [VDa] .
Instead of following the steps of the construction of ( A , ∆ A ) as indicated above we will now give a direct description of this object leaving the proof that ( A , ∆ A ) is indeed the doubling of (A , ∆ A ) to the reader. Let (A , ∆ A ) be a Hopf * -algebra over C and let θ be an order-two automorphism of (A , ∆ A ). Then A is as a * -algebra isomorphic to A ⊕ A . Let us denote the injections of A onto the first and second coordinate in A by ξ and η respectively:
The comultiplication ∆ A : A → A ⊙ A is determined by the properties:
Equipped with formulas (2.1) one can easily show that if h is a left Haar state (left invariant state) on A then the functional
is left invariant.
Once ( A , ∆ A ) is constructed one can observe that we have a coaction of this Hopf algebra on A given by
3) Moreover this coaction is embeddable as defined in [Pod, Definition 1.8] . Indeed, we have an injective * -homomorphism Ξ : A → A defined as
Consider two Hopf * -algebras (A 1 , ∆ A1 ) and (A 2 , ∆ A2 ) with order two automorphisms θ 1 and θ 2 and their respective doublings ( A 1 , ∆ A1 ) and ( A 2 , ∆ A2 ). For i = 1, 2 let ξ i , η i : A i → A i be the injections defined above. They provide a convenient way to extend linear maps A 1 → A 2 to maps A 1 → A 2 : given a linear map f : A 1 → A 2 we will denote by f the unique map
In particular, taking A 2 = A 1 and for f the automorphism θ 1 we obtain an automorphism θ 1 of A 1 . Similarly we obtain an automorphism θ 2 of A 2 .
The following properties of the extension f → f are obvious:
• if f is an equivariant Hopf algebra map then f is a Hopf algebra map,
) is another Hopf algebra with an order two automorphism θ 3 and with doubling ( A 3 , ∆ A3 ) and if g :
For yet another property of the extension f → f let
be the coactions and embeddings as in (2.3) and (2.4). Now if f : A 1 → A 2 is equivariant then
so if f is also a Hopf algebra map then
Now let π 2 be the map
Thus composing both sides of (2.5) from the left with (π 2 ⊗ id) we obtain
We will use these properties in Section 5. The last result in this section is related to the question when two given doublings of a given Hopf * -algebra A , say given respectively by order two-automorphisms θ 1 and θ 2 of A , are isomorphic as Hopf * -algebras. It is easy to verify (for example using the formulas above) that if θ 1 and θ 2 are conjugate, i.e. there exists an automorphism θ of A such that θ • θ 1 = θ 2 • θ, then the doublings A 1 and A 2 , associated respectively to θ 1 and θ 2 , are isomorphic. It turns out that in some cases, which will turn out to be important for our considerations later in the paper, this is the only way in which an isomorphism of two different doublings of a Hopf * -algebra A can arise. This is the content of the next proposition. Proof. Recall first that A 1 and A 2 are isomorphic as * -algebras to the direct sum A ⊕ A . Let θ 1 and θ 2 be as above and denote the respective coproducts of A 1 and A 2 by ∆ 1 and ∆ 2 . Let φ be an automorphism of the * -algebra A ⊕ A such that
As Γ is assumed to be ICC, it is well-known and easy to check that the centre of the group-ring C[Γ] consists only of the scalar multiples of identity. This implies that the only non-trivial (i.e. non-zero and not equal to 1) central projections in the algebra A ⊕ A are p 1 = ξ(1 A ), p 2 = η(1 A ) (note we are using here the notation introduced earlier for two algebra embeddings of A into A ⊕ A ). Thus we must have either φ(p 1 ) = p 2 or φ(p 1 ) = p 1 . Suppose for the moment the first case holds. Then φ(p 2 ) = p 1 and as the equation (2.1) implies that
, applying the formula (2.6) to p 1 yields
which is contradictory. Thus we must have φ(p 1 ) = p 1 , φ(p 2 ) = p 2 . This is easily seen to imply that there exist two automorphisms of the algebra A , which we will denote respectively by ψ and ρ, such that
Substituting the last formulas into (2.6) and using (2.1) again yields the following four equalities, where now ∆ denotes the coproduct of A :
Applying the counit to the right leg of the first equality in (2.8) yields
where
where λ(γ) := ǫ • ρ(γ) defines a character of Γ. Apply then the second formula in (2.8) to a γ ∈ Γ, obtaining
Using the first equality in (2.7) yields now
As λ is a character, so cannot be equal to 0 at any point, we obtain
so further by arbitrariness of γ and linear extension we see that ψ • θ 1 = θ 2 • ψ and putting θ := ψ ends the proof.
Note that the Hopf * -algebra automorphisms of C[Γ] are necessarily induced by automorphisms of Γ, and in particular their conjugacy is equivalent to the conjugacy of the underlying group automorphisms.
2.2. Doubling of compact quantum groups and connections to quantum symmetry groups. It is easy to check, for example using the explicit formulas for the Haar state on A , that if A is a CQG algebra, then so is A . Thus we can exploit the construction above as the basis of the following definition.
Definition 2.2. Let G be a compact quantum group and suppose we are given an order two automorphism of G, say represented by a map θ : C(G) → C(G). Then we define the compact quantum group G θ by the equality Pol(G θ ) := Pol(G), where the doubling construction on the right side of the equation refers to the Hopf * -algebra morphism θ| Pol(G) .
We leave it to the reader to verify that if G is in fact a compact group (in other words, C(G) is commutative), then G θ is also a compact group and we have simply
The arguments above show that G θ always acts on C(G). We will now consider a special case, which is closely related to the fact that the doubling construction often appears in the computation of quantum isometry groups of duals of finitely generated groups (see [BhS] , [L-DS] and [TQi] ). 
1). If moreover θ is not equal to identity then the corresponding action is faithful, so Γ θ is a quantum subgroup of QISO( Γ, S).
Proof. It is easy to see that θ induces an order two automorphism of C[Γ] (given simply by the linear extension of the original map). As the resulting automorphism preserves the canonical trace, it extends also to an automorphism of the reduced group C * -algebra C * r (Γ). Let then Γ θ denote the compact quantum group arising via the doubling construction, so that C( Γ θ ) = C * r (Γ)⊕C * r (Γ). The formula (2.3) implies that the action of Γ θ on C * r (Γ) is given by the expressions:
(2.9)
Thus the action α preserves the orthogonal filtration of C * r (Γ) induced by the word-length partition if and only if θ preserves the length function. It is easy to see that the assumptions of the proposition imply the latter fact.
By the remark stated after Theorem 1.5 it remains to show that if θ is not constant on S, then the action described in the first part of the proof is faithful. So let s ∈ S be such that θ(s) = s. Choosing a suitable functional on the subspace Lin S ⊂ C * r (Γ), we can assure that R α ( Γ θ ) (introduced in the paragraph after Definition 1.3) contains elements of the form (s, 0),
. On the other hand if t ∈ S and θ(t) = t, then similarly the elements of the form (t, t) and (t −1 , t −1 ) belong to R α ( Γ θ ). It is easy to check that considering in the same way all elements of S one can show that
Note that the assumption that θ is non-trivial is indeed necessary to ensure that the action of Γ θ on C * r (Γ) is faithful. In several cases it turns out that Γ θ = QISO( Γ, S); we will see some instances of this in the following sections.
Generalities on limits of quantum symmetry groups
In this section we study certain projective limits of quantum symmetry groups. We begin with recalling a theorem proved in [BGS] . For the precise terminology used below we refer to the articles [BGS] and [BhG] .
Theorem 3.1 (Theorem 1.2 of [BGS] Additionally put H n = A n ξ, let P n denote the orthogonal projection onto H n and assume that each P n H is a direct sum of eigenspaces of D. Then each (A n , H n , D Hn ) is a spectral triple satisfying the conditions of Theorem 2.14 of [BhG] , there exist natural compatible compact quantum group morphisms π n,m : C QISO(A n , H n , D Hn ) → C QISO(A m , H m , D Hm ) (n, m ∈ N, n < m) and
Remark 3.2. In fact the statement of the corresponding theorem in [BGS] is incorrect: the assumption that D commutes with the projections P n does not imply the existence of the quantum group morphisms from QISO(A m , H m , D Hm ) to QISO(A n , H n , D Hn ). Note, however, that in all the applications studied in [BGS] the assumptions of the above correct formulation are satisfied.
In fact we will show below another, more general result, which uses the language of quantum symmetry groups of orthogonal filtrations, as developed in [BS 3 ].
As we will see in the last section, there are examples in which the assumptions of the above theorem are not satisfied and yet certain quantum symmetry groups form natural projective systems. One can expect that in such situations one could also produce the action of the quantum group arising as the limit on a quantum space and possibly also identify it as a quantum symmetry group of some structure. The first step for that is provided by the following proposition.
is a sequence of compact quantum groups with compact quantum group morphisms π n,m from G m to G n satisfying the compatibility conditions as above. Let (A n ) ∞ n=1 be a sequence of unital C * -algebras, with connecting unital * -homomorphisms ρ n,m : A n → A m , again satisfying the natural compatibility conditions, and let A ∞ denote the resulting inductive limit. Assume that for each n ∈ N there is an action α n of G n on A n (so that α n : A n → A n ⊗ C(G n )) and that for all n, m ∈ N, n < m we have
(3.1)
Moreover if the connecting morphisms ρ n,m are injective and each of the actions α n is faithful, the limit action α ∞ is also faithful.
Proof. The result is a straightforward consequence of the universal property of the inductive limit. Indeed, for each n ∈ N we can define a unital * -homomorphism β n : A n → A ∞ ⊗ C(G ∞ ) by the formula β n = (ρ n,∞ ⊗ π n,∞ )•α n , where π n,∞ : C(G n ) → C(G ∞ ) are the canonical quantum group morphisms. It is easy to check that for all n, m ∈ N, n < m, β m •ρ n,m = β n , so that they induce a unital * -homomorphism α ∞ : A ∞ → A ∞ ⊗ C(G ∞ ). It is also easy to check that it satisfies
In the remaining part of this section we will formulate and prove a generalisation of Theorem 3.1 to the context of quantum symmetry groups associated with orthogonal filtrations. Suppose now again that (A n ) ∞ n=1 is an inductive system of unital C * -algebras, with the connecting unital * -homomorphisms ρ n,m : A n → A m . Assume that each A n is equipped with a faithful state φ n , an orthogonal filtration V n (with respect to φ n ) and that we have the following compatibility condition: for each n, m ∈ N, n < m, and each V ∈ V n we have ρ n,m (V ) ∈ V m . Note that this implies the following two facts:
(1) for all n, m as above we have φ m •ρ n,m = φ m , (2) each of the maps ρ n,m is injective (and thus so are the maps ρ n,∞ ).
If the above assumptions hold, we will say that (A n , V n ) ∞ n=1 is an inductive system of C * -algebras equipped with orthogonal filtrations. We can then speak about a natural inductive limit filtration V ∞ of the limit algebra A ∞ , defined in the following way: a subspace V ⊂ A ∞ belongs to V ∞ if and only if there exists n ∈ N and V n ∈ V n such that V = ρ n,∞ (V n ). The arising filtration satisfies then the orthogonality conditions with respect to the inductive limit state φ ∞ ∈ A * ∞ . Note that there is one subtlety here: although we can always construct the inductive limit filtration, the inductive limit state need not be faithful on A ∞ , so we need not be in the framework studied in [BS 3 ] and described in Definition 1.4 -we only know that φ ∞ is faithful on the dense subalgebra n∈N V ∈Vn ρ n,∞ (V ) of A ∞ . Suppose in addition that φ ∞ is a trace (equivalently, each of the states φ n is tracial). Then it is automatically faithful (as its null space, {a ∈ A ∞ : φ ∞ (a * a) = 0}, is an ideal, cf. [Bla, Proposition II.8.2 .4]). We can thus formulate and prove the following theorem.
be an inductive system of C * -algebras equipped with orthogonal filtrations and assume that each of the states defining the orthogonality of the filtrations V n is tracial. Let V ∞ denote the orthogonal filtration of A ∞ arising as the inductive limit. Denote the respective quantum symmetry groups of (A n , V n ) and (A ∞ , V ∞ ) by G n and G. Then
Proof. Begin by showing that the expression on the right hand side of the displayed formula above makes sense, i.e. that for all m, n ∈ N, m > n, there exist natural quantum group morphisms from G m to G n . Recall that G n is defined as the universal object in the category C An,Vn (the corresponding action will be denoted by α n , so that α n : A n → A n ⊗C(G n )). Therefore it effectively suffices to show that G m acts on A n in a filtration preserving fashion. Fix m > n and consider the map α m ρn,m(An) . As α m preserves the filtration V m , it in particular preserves the linear span of the set {ρ n,m (V ) : V ∈ V n }. But the latter is a dense unital * -subalgebra of ρ n,m (A n ), so we have
Thus we can define β n,m : A n ⊗ A n ⊗ C(G m ) by the formula
It is easy to check that in fact β n,m defines an action of G m on A n preserving the filtration V n . Thus there exists a unique quantum group morphism π n,m :
Comparison of (3.2) and (3.3) implies that π n,m :
The uniqueness in the above formula implies that π m,k •π n,m = π n,k for all n, m, k ∈ N, n < m < k. Denote the limit quantum group for the system (G n ) ∞ n=1 (with the connecting maps π n,m ) by G ∞ . Proposition 3.3 implies that G ∞ acts on A ∞ by the action α ∞ such that
It is easy to check that the action α ∞ preserves the filtration V ∞ . It remains to show that the pair (G ∞ , α ∞ ) is the universal object in the category C A∞,V∞ . Assume than that (β, H) belongs to C A∞,V∞ . This means that β : A ∞ → A ∞ ⊗ C(H) is an action which preserves the filtration V ∞ . Exactly as in the first part of the proof, this implies that β ρ n,∞ (A n ) ⊂ ρ n,∞ (A n ) ⊗ C(H). Construct an action of H on A n by the formula
As before, β n,∞ preserves the filtration V n , so that there exists a unique quantum group morphism
Easily checked compatibility properties and the universal property of G ∞ imply existence of a unique * -homomorphism γ : C(G ∞ ) → C(H) such that γ n = γ•π n,∞ , (n ∈ N). It is easy to check that γ intertwines respective actions of H and G ∞ on A ∞ . This ends the proof.
It follows from [BS 3 , Theorem 2.10] that the compact quantum group constructed as the limit in the above theorem is necessarily of Kac type. Note that although we assume that the connecting morphisms in the inductive system (A n ) ∞ n=1 are injective, the connecting morphisms C(G n ) → C(G n+1 ) in general need not be injective (see Section 4).
Quantum symmetry groups associated with the algebras of continuous functions on the group of p-adic numbers
In this section we present an elementary example of a construction from Theorem 3.4 in the context of quantum symmetry groups acting on quantum group duals in a length preserving fashion ( [BhS] , see also Subsection 1.1 above). It will turn out that the quantum symmetry groups arising in the respective limit are usual compact groups.
Choose a prime number p ∈ N (in fact it is not important that p is a prime, we choose it so rather for traditional reasons). Recall the construction of p-adic integers: these form an abelian locally compact group arising as the inverse limit of the cyclic groups (Z/ p n Z ) ∞ n=1 and will be denoted by Z p (note that this notation is not compatible with that used in [BhS] !). The connecting surjective homomorphisms j n from Z/ p n+1 Z to Z/ p n Z are given by the 'reduction modulo p n '. To simplify the notation write Γ l for Z/ lZ (l ∈ N). It is easy to check that if we denote the canonical generators of Γ l by e l (using a standard Fourier identification of Γ l with a cyclic abelian group of order l), then the dual (injective) homomorphism j n : Γ p n → Γ p n+1 is given by the formula
Denote the elements of the group C * -algebra C * (Γ l ) corresponding to te l by l λt (t = 0, 1, . . . , l − 1) and let the injective morphism corresponding to j n on the level of group C * -algebras be denoted by ι n , so that ι n :
The next result is effectively just a rephrasing of the definition of Z p .
Proposition 4.1. The algebra of continuous functions on Z p is naturally isomorphic (also as the algebra of functions on a compact quantum group) to the inductive limit of the group C * -algebras C * (Γ p n ), with the connecting morphisms given by the formula (4.1).
Remark 4.2. It follows from the construction that C * (Z p ) is isomorphic to the algebra of continuous functions on the Cantor set, C(C); note however that the quantum symmetry group we construct below is different from the one acting on C(C) considered in Theorem 3.1 of [BGS] .
The groups Z/ p n Z are of course finitely generated discrete groups and as such fit into the framework studied in [BhS] . In each case the generating set will be chosen to be {e l , −e l } and we will consider the partition of Γ l into sets of equal word-lengths. Note the following key fact: if two elements γ, γ ′ ∈ Γ p n have equal word-length, then so do j n (γ), j n (γ ′ ) ∈ Γ p n+1 . This implies the following extension of Proposition 4.1. Proposition 4.3. Consider for each n ∈ N the orthogonal filtration V n of C * (Γ p n ) induced by the partition of Γ p n into sets of equal word-length.
, with connecting maps defined in (4.1) is an inductive system of C * -algebras equipped with orthogonal filtrations.
Thus we can ask about the quantum symmetry group of the limit orthogonal filtration V ∞ of C(Z p ). For that we need first to recall the form taken by the quantum symmetry (or isometry) groups at each stage of the construction. This was established in [BhS] . Below we reformulate Theorem 3.1 of that paper in our language. Note that the actions of a classical group G on the algebra C * (Γ l ) ≈ C(Z/ lZ ) correspond to actions of G on the set Z/ lZ . 
Proof. It is shown in Theorem 3.1 of [BhS] that G l given by the following formulas:
where we write
The action of G l on C * (Z/ lZ ) is shown to be given by the prescription:
( 4.2)
The fact that these formulas can be rephrased in the way given in the statement of our theorem follows from an elementary calculation.
Note that we view above the special case of the doubling construction introduced in Section 2. Not surprisingly, the limiting quantum symmetry group associated with the limit orthogonal filtration V ∞ of C(Z p ) also has an analogous form. The restriction of l > 5 in Theorem 4.4 is here irrelevant, as we only ask about the limit behaviour. 
Proof. Follows directly from Theorem 3.4, Theorem 4.4 and some elementary commutative diagram chasing (one needs to verify that all considered actions are compatible with the connecting morphisms of the inductive system under consideration).
Observe that if l = 4 the corresponding quantum symmetry group is the free wreath product Z 2 ≀ * Z 2 (Theorem 3.2 of [BhS] , Proposition 4.6 of [BS 3 ]). Of course we cannot have an injective embedding of C(Z 2 ≀ * Z 2 ) into C(Z 2 ⋊ Z/ 2Z ), as the latter algebra is commutative, and the former is not. This shows, as mentioned before, that in Theorem 3.4 the connecting morphisms from C(G n ) to C(G n+1 ) need not be injective.
Limits of quantum isometry groups of symmetric groups
In the previous section we discussed an example of a sequence of finitely generated groups leading directly to the situation studied in Section 2: the corresponding group C * -algebras with the filtrations induced by the word-length formed an inductive limit of C * -algebras with orthogonal filtrations. This was a consequence of the fact that the connecting morphisms acting from Γ p n to Γ p n+1 preserved the level sets of the word-length functions in the suitable sense. In this section we present a different situation, arising in the context of quantum isometry groups of symmetric groups. The latter were computed in the article [L-DS] . The symmetric groups admit of course natural embeddings S n ֒→ S n+1 , but these turn out not to behave well with respect to the wordlength induced by the generating sets built of transpositions and thus do not fit into the general framework of Section 2. Nevertheless we will show that one can still study (separately!) the projective limits of the corresponding sequences of quantum isometry groups indexed by even and odd integers, that these limits turn out to be non-isomorphic and moreover can be interpreted as the quantum symmetry groups of S ∞ preserving certain partitions of S ∞ . 5.1. The quantum isometry group of S n . Let us begin by giving an account of the results of Section 2] in the language used in the current article. Fix for the moment n ∈ N (n ≥ 3). Consider the symmetric group on n-elements, S n , with the generating set
consisting of the nearest-neighbour transpositions. The quantum symmetry group QISO( S n ) turns out to be the doubling of S n (see Section 2) with respect to the order-two automorphism θ n : S n → S n given by θ n ( n s i ) = n s n−i , i = 1, . . . , n − 1, with the action of this quantum group on C[S n ] being precisely the one described in Subsection 2.1 (by formula (2.3) ). Since the index n will now be extensively used, all objects pertaining to the quantum isometry group of S n will be denoted by symbols decorated with the subscript n. Thus G n will denote the quantum isometry group QISO( S n ). The corresponding C * algebra will be C(G n ) with comultiplication ∆ n :
and the injections of C[S n ] onto the first and second coordinate in C(G n ) will be denoted by ξ n and η n respectively. Recall from Subsection 2.1 that the action of G n on C[S n ] is given by the map α n :
As before we have the embedding Ξ n :
Consider now the linear map ϕ n :
Then ϕ n is an injective Hopf algebra map which is equivariant: θ n+2 •ϕ n = ϕ n •θ n . Denote by ψ n the canonical extension of ϕ n to a map C(G n ) → C(G n+2 ) (cf. Subsection 2.1). Then the following diagram
commutes. Moreover it is easily seen that ϕ n maps length-one elements (nontrivial linear combinations of the generators (5.1)) to length-one elements. It turns out that is is not possible to construct such a map acting between consecutive permutation groups, which is related to the fact that the sequence of corresponding quantum symmetry groups does not fit into the framework of Theorem 3.4.
Proposition 5.1. Let n be even. There does not exists a linear map χ n :
length one elements to length one elements and such that there is a Hopf algebra morphism
Proof. For i = 1, . . . , n − 1 we denote by n σ i and n τ i the elements ξ n ( n s i ) and η n ( n s i ) respectively. With this notation we have the following expression for the comultiplication of C(G n ):
We will use analogous notation for n + 1 and i = 1, . . . , n.
Assume that there exist maps χ n and ζ n for which (5.3) is commutative and χ n maps length one elements to length one elements. The element It is a group-like element of C(G n ). Since χ n maps length one elements to length one elements, we have
which we rewrite as
Clearly this implies that for each k = 1, . . . , n we have
and the element on the right hand side is group-like. There must exist a k for which λ k is not zero (otherwise the length-one element n s n 2 would be mapped to 0 which is not length-one). Dividing out by this λ k and putting µ = λ n+1−k λ k we obtain a group-like element
It follows that µ 2 must be equal to 1, but more importantly, n + 1 − k = k. This is not possible for even n.
It is worth noting that if one relaxes the requirement to preserve length-one elements, then a map satisfying other conditions stated in Proposition 5.1 exists. Indeed, for each k ∈ N the group homomorphism γ 2k : S 2k → S 2k+1 given by
is an equivariant injection.
5.2. Inductive limits. Let us consider the two inductive systems of C * -algebras:
where (ϕ 2l+1 ) l∈Z+ and (ϕ 2k ) k∈N are the morphisms introduced in Subsection 5.1. Both inductive limits are isomorphic to C * (S ∞ ). On each component we have coactions of G n with appropriate n. Let us denote by Φ n the canonical map C[S n ] → C * (S ∞ ). Since in both the systems (5.5) the connecting maps are equivariant for the automorphisms θ n of C[S n ], we obtain automorphisms θ
The morphisms ψ n : C(G n ) → C(G n+2 ), introduced in the paragraph before diagram 5.2, form the following inductive systems:
These are systems compact quantum groups with quantum group morphisms and so, by Theorem 1.8 the respective limits are canonically endowed with compact quantum group structures. Clearly the C * -algebra inductive limits lim − → A 2l+1 and lim − → A 2k are both isomorphic to C * (S ∞ ) ⊕ C * (S ∞ ) which we will for the time being denote by A ∞ . Let us also denote the canonical maps C(G n ) → A ∞ by Ψ n . The C * -algebra A ∞ has two comultiplications ∆ odd ∞ and ∆ even ∞ such that The canonical Hopf * -algebras inside A ∞ for G odd ∞ and G even ∞ are the algebraic direct limits of (5.6a) and (5.6b) respectively (this follows e.g. from uniqueness of this Hopf algebra, cf. [BMT, Theorem 5 .1]).
By Proposition 3.3 the diagram 
2 2 e e e e e e e
It follows easily from properties of inductive limits that we have two injective morphisms
One can see that the structures obtained in the two limits (over even and odd integers respectively), i.e. G even and κ odd . The latter in turn can be respectively identified, once we agree to identify S ∞ with the group of finitely supported permutations of Z, with the conjugations by the permutations π even , π odd ∈ Perm(Z), given by the reflections of Z with respect to the point 1 2 and 0. We will now prove that the quantum groups G even ∞ and G odd ∞ are non-isomorphic. For that we first need to quote a well-known result due to Schreier and Ulam ([ScU] , see also Theorem 8.2.A of [DMo] In fact the groups Aut(S ∞ ) and Perm(X) are isomorphic, but this stronger statement will not be needed here. We are now ready to state and prove the non-isomorphism result. Recall the definitions of κ even , κ odd , π even and π odd introduced in the paragraph before Theorem 5.2. ∞ are not isomorphic. We will argue by contradiction. As S ∞ is an ICC group, Proposition 2.1 implies that if G even ∞ and G odd ∞ are isomorphic, then there exists an automorphism of S ∞ intertwining the automorphisms κ even and κ odd . By Theorem 5.2 this means that (say we identify S ∞ with the group of finitely supported permutations of Z) there exists a permutation π of Z such that for each σ ∈ S ∞ there is
Recalling that κ even , κ odd are given by conjugations with permutations π even and π odd , we deduce that the permutations π even and π odd are themselves conjugate (via π). This however is not possible, as π odd fixes a point in Z and π even does not.
Interpretation of G odd
∞ and G even ∞ as the quantum symmetry group of S ∞ preserving certain partitions. The group S ∞ is generated by transpositions, and although the latter do not form a finite generating set, we will still denote the resulting word-length function on S ∞ by l. As l has now infinite level sets, we need some further idea to produce a partition of S ∞ into finite subsets. To this end we interpret S ∞ as the group of all finite permutations of Z and introduce the following function t : S ∞ → N 0 : for each σ ∈ S ∞ put t(σ) = min{n ∈ N 0 : σ(k) = k if |k| > n}. Consider further the following collection of sets:
It is easy to check that F = {F n,m : n, m ∈ N 0 } forms a partition of S ∞ into finite sets. Proof. Denote the quantum symmetry group of S ∞ preserving the partition F by G, and let its canonical action (in the algebraic form) on the dual of S ∞ be given by α : To obtain the existence of the inverse morphism to π we will exploit the universal property of G odd ∞ as a projective limit. We identify, for each n ∈ N, the group S 2n+1 with the group of permutations of the set {−n, . . . , n} and denote the resulting embedding of C[S 2n+1 ] into C[S ∞ ] by ϕ 2n+1,∞ . Note that in this identification the transposition 2n+1 σ i corresponds to the transposition swapping points −n + i − 1 and −n + i, which in turn implies that we have (in the notation of Subsection 5.1) ϕ 2n+1,∞ = ϕ 2n+3,∞ • ϕ 2n+1 . This further implies that on the image of C[S 2n+1 ] with respect to ϕ 2n+1,∞ (contained in the image of C[S 2n+3 ] with respect to ϕ 2n+3,∞ ) the following equality holds:
(5.8) Observe now that as the action α of G on C[S ∞ ] preserves the partition F , it also preserves the subspace ϕ 2n+1,∞ (C[S 2n+1 ]) (which can be identified as the span of these elements γ ∈ S ∞ for which t(γ) ≤ n). This means that we can consider the following action of G on C[S 2n+1 ], which we will denote by β 2n+1 :
Formula (5.8) implies that for all n ∈ N β 2n+3 • ϕ 2n+1 = (ϕ 2n+1 ⊗ id) • β 2n+1 . (5.9)
As α preserves the length function given by transpositions, the action β 2n+1 preserves the transposition -induced length function of S 2n+1 . Thus there is a (unique) morphism σ 2n+1 from G to G 2n+1 such that (id ⊗ σ 2n+1 ) • α 2n+1 = β 2n+1 , where α 2n+1 is the canonical action of G 2n+1 on C[S 2n+1 ]. As each ϕ 2n+1 is injective, it follows also that σ 2n+1 from G to G 2n+1 is the unique morphism such that
We now want to show that the morphisms (σ 2n+1 ) ∞ n=1 form a compatible family with respect to the embeddings ψ 2n+1 : C(G 2n+1 ) → C(G 2n+3 ) (see Subsection 5.1). To this end consider the following computation
where in the first equality we used the commutativity of the diagram (5.2), in the second the defining property of σ 2n+3 , and in the third the relation (5.9). Due to the uniqueness property of σ 2n+1 mentioned above, we deduce that σ 2n+3 • ψ 2n+1 = σ 2n+1 for each n ∈ N. This, as G odd ∞ is the projective limit of (G 2n+1 ) ∞ n=1 with respect to the connecting morphisms (ψ 2n+1 ) ∞ n=1 , implies that there exists a unique morphism σ from G to G ∞ such that for each n ∈ N there is σ 2n+1 = σ • ψ 2n+1,∞ . It remains to check that σ satisfies
(5.10)
To this end fix n ∈ N and consider the following computation:
where the first equality follows from the properties of the limit actions described in Proposition 3.3, whereas the second, the third and the fourth respectively from the defining properties of σ, σ 2n+1 and β 2n+1 . As n∈N ϕ 2n+1,∞ (C[S 2n+1 ]) is dense in C * (S ∞ ), the formula (5.10) follows. Finally, as both actions α and α odd ∞ are faithful, respectively by Theorem 1.5 and Proposition 3.3, equalities (5.7) and (5.10) imply that the morphisms σ and π are inverse to each other, we conclude that the quantum groups G and G odd ∞ are isomorphic. A similar result is true for the quantum group G even ∞ . This time we need to consider a slightly different partition of S ∞ , which we will now briefly describe. Interpret S ∞ as the group of all finite permutations of Z \ {0} and define the following function t ′ : S ∞ → N 0 : for each σ ∈ S ∞ , we put t ′ (σ) = min{n ∈ N 0 : σ(k) = k if |k| > n}. Note that t ′ is indeed a different function than t introduced before! Further consider the following collection of sets: F ′ n,m = {σ ∈ S ∞ : l(σ) = n, t ′ (σ) = m}, n, m ∈ N 0 .
It is easy to check that F ′ = {F ′ n,m : n, m ∈ N 0 } forms a partition of S ∞ into finite sets. The following theorem can be proved in the same way as Theorem 5.4. We leave the details to the reader.
Theorem 5.5. The quantum group G even ∞ is isomorphic to the quantum symmetry group of S ∞ preserving the partition F ′ of S ∞ introduced above.
